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Abstract
We study the support and convergence conditions for a metric space to be coarsely embeddable into
a uniformly convex Banach space. By using ultraproducts we also show that the coarse embeddability
of a metric space into a uniformly convex Banach space is determined by its finite subspaces.
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1. Introduction
Gromov introduced the following notion of coarse embedding (also referred to as uni-
form embedding in the literature) in [7].
Definition 1.0. A map f from a metric space X to another metric space Y is said to be a
coarse embedding if there exist two non-decreasing functions ρ1 and ρ2 on [0,+∞) such
that
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J. Li, Q. Wang / J. Math. Anal. Appl. 320 (2006) 892–901 893(1) ρ1(d(x, y)) d(f (x), f (y)) ρ2(d(x, y)) for all x, y ∈ X;
(2) limr→+∞ ρ1(r) = +∞.
In the language of coarse geometry, a coarse embedding f :X → Y is a coarse equiva-
lence of X and f (X) (cf. [7,14]). Gromov suggested that coarse embeddability of a discrete
group into a Hilbert space, or even into a uniformly convex Banach space, might be rele-
vant for applications to the Novikov conjecture [7,8]. G. Yu subsequently proved the coarse
Baum–Connes conjecture (respectively the Novikov conjecture) for bounded geometry dis-
crete metric spaces (respectively groups) which are uniformly embeddable into a Hilbert
space [16,17]. This remarkable result leads to the verification of the coarse Baum–Connes
conjecture (respectively the Novikov conjecture) for large classes of discrete metric spaces
(respectively groups). Meanwhile, coarse embeddability of metric spaces into Hilbert space
has also been characterized in various technical terms (cf. [3,6,12,14]). In particular,
M. Dadarlat and E. Guentner [3] proved the following result which played an important
role in studying permanence properties of the class of groups that are coarsely embeddable
into Hilbert space.
Theorem DG. [3] Let X be a metric space. Then X is coarsely embeddable into a Hilbert
space if and only if for every R > 0 and ε > 0 there exists a Hilbert space-valued map
ξ :X → H , (ξx)x∈X , such that ‖ξx‖ = 1, for all x ∈ X and
(1) sup{‖ξx − ξy‖: d(x, y)R,x, y ∈ X} ε;
(2) limS→∞ sup{|〈ξx, ξy〉|: d(x, y) S,x, y ∈ X} = 0.
These conditions may be replaced by
(3) sup{|1 − 〈ξx, ξy〉|: d(x, y)R,x, y ∈ X} ε;
(4) limS→∞ inf{‖ξx − ξy‖: d(x, y) S,x, y ∈ X} =
√
2,
respectively.
In this theorem, the conditions (1) and (3) are referred to as the convergence condition,
and the conditions (2) and (4) are referred to as the support condition.
Nowadays, several type of counterexamples of metric space that cannot be coarsely em-
bedded into a Hilbert space have been known [6,8–10,15]. Recently, however, G. Kasparov
and G. Yu [11] further proved that a discrete metric space with bounded geometry must sat-
isfy the coarse geometric Novikov conjecture if it just coarsely embeds into a uniformly
convex Banach space.
So it is natural and interesting to characterize coarse embeddability of metric spaces into
general uniformly convex Banach spaces. In this note, we shall give some remarks in this
direction. To begin with, we indicate that the sufficiency of the convergence condition (1)
and the support condition (4) for coarse embeddability into Hilbert space in Theorem DG
can be generalized to the case of coarse embeddability into uniformly convex Banach space
as follows.
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space E such that for every R > 0 and ε > 0 there exists a map ϕ :X → S(E), from X to
the unit sphere of E, such that
(a) sup{‖ϕ(x)− ϕ(y)‖: d(x, y)R,x, y ∈ X} ε;
(b) limS→∞ inf{‖ϕ(x) − ϕ(y)‖: d(x, y) S,x, y ∈ X} δ,
then X admits a coarse embedding into a uniformly convex Banach space.
In [13] Nowak proved an p-version of the above result. In Section 2 of this note, we
shall give two generalizations of Theorem 1.1 by weakening either the convergence con-
dition (a) or the support condition (b). In particular, as motivated by J. Roe’s notion of
Property A at infinity [15], we replace the convergence condition by the “convergence con-
dition at infinity” (see Theorem 2.2). In general, however, these sufficient conditions are
unlikely to be equivalence conditions for coarse embeddability into uniformly convex Ba-
nach spaces. In Section 3, though, we shall use nonstandard method to show that the coarse
embeddability of a metric space into a uniformly convex Banach space is determined by
the finite subspaces of the metric space:
Theorem 1.2. A metric space X admits a coarse embedding into a uniformly convex Ba-
nach space if and only if there exist non-decreasing functions ρ1, ρ2 : [0,∞) → [0,∞)
satisfying limr→∞ ρ1(r) = ∞ such that, for every finite subspace F ⊆ X, there exists a
map f from F to a uniformly convex Banach space EF satisfying
(i) ρ1(d(x, y)) ‖f (x) − f (y)‖ ρ2(d(x, y)) for all x and y in F ;
(ii) the Banach spaces {EF : F ⊆ X finite} have a common modulus of convexity.
The fact that coarse embeddability of a metric space into Hilbert space is determined by
its finite subspaces was proved in [6] for locally finite metric spaces, and was generalized
to general metric spaces in [12]. The main tools in their proofs are positive definite kernels.
Theorem 1.2 generalizes this fact to the case of coarse embeddability into uniformly convex
Banach spaces; its proof follows from the formulation of ultraproducts of “equi-coarse
embeddings” of metric spaces into Banach spaces. Since the ultraproducts of Hilbert spaces
are also Hilbert spaces, our approach can also be considered as an alternative proof of the
results of [6,12] for coarse embeddings into Hilbert spaces.
2. Support and convergence conditions for coarse embeddings
Recall that a Banach space E is said to be uniformly convex if for every ε > 0 there
exists δ(ε) > 0 such that for any x, y ∈ E the conditions
‖x‖ 1, ‖y‖ 1, ‖x − y‖ ε
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∥∥∥∥ 1 − δ(ε).
The modulus of convexity of E is the function δE : [0,2] → [0,1] defined by
δE(ε) = inf
{
1 −
∥∥∥∥x + y2
∥∥∥∥: ‖x‖ 1, ‖y‖ 1, ‖x − y‖ ε}.
So a Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε > 0.
A family {Ei}i∈I of uniformly convex Banach spaces is said to have a common modulus
of convexity if infi∈I δEi (ε) > 0 for all ε > 0.
Let {En}∞n=1 be a sequence of Banach space, 1 < p < ∞. The p-direct sum of {En}∞n=1
is defined as( ∞⊕
n=1
En
)
p
:=
{
(zn): zn ∈ En,
∥∥(zn)∥∥ := ( ∞∑
n=1
‖zn‖p
)1/p
< ∞
}
.
M. Day [5] proved the following result.
Day’s Theorem. The Banach space (
⊕∞
n=1 En)p is uniformly convex if and only if {En}∞n=1
have a common modulus of convexity.
In [2] N. Brown and E. Guentner proved that every bounded geometry metric space
coarsely embeds into a direct sum of pn with pn → ∞ as n → ∞. Unfortunately, this type
of (fairly nice) Banach spaces are not uniformly convex since the spaces {pn}∞n=1 do not
have a common modulus of convexity. In the following, we shall study sufficient conditions
for coarse embeddability into uniformly convex Banach spaces. Firstly, by modifying the
support condition (b) in Theorem 1.1, we have the following theorem.
Theorem 2.1. Let X be a metric space and 1 < p < ∞. If for every n ∈ N there exist
δn > 0, Sn > 0 and a map fn :X → S(En) from X to the unit sphere S(En) of a uniformly
convex Banach space En such that
(1) ‖fn(x) − fn(y)‖En  n−2/p whenever d(x, y) n1/p;
(2) ‖fn(x) − fn(y)‖En  δn whenever d(x, y) Sn;
(3) ∑∞n=1 δpn = ∞;
(4) {En}∞n=1 have a common modulus of uniform convexity,
then X admits a coarse embedding into the uniformly convex Banach space (⊕∞n=1 En)p .
Proof. It follows from Day’s theorem that (
⊕∞
n=1 En)p is a uniformly convex Banach
space. With no loss of generality, we may assume the sequence {Sn} is strictly increasing
and tending to infinity as n → ∞.
Choose x0 ∈ X and define F :X → (⊕∞n=1 En)p by
F(x) =
∞⊕(
fn(x) − fn(x0)
)
.n=1
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∥∥F(x)∥∥= ( ∞∑
n=1
∥∥fn(x) − fn(x0)∥∥p)1/p < ∞.
So F is well defined. We next show that F is a coarse embedding.
Let ρ2(r) = 2r + 1. For any x, y ∈ X, let k be the integer part of d(x, y)p . Then we
have
∥∥F(x) − F(y)∥∥= ( k∑
n=1
∥∥fn(x) − fn(y)∥∥p + ∞∑
n=k+1
∥∥fn(x) − fn(y)∥∥p)1/p

(
2pk +
∞∑
n=k+1
1
n2
)1/p

(
2pd(x, y)p + 1)1/p
 ρ2
(
d(x, y)
)
.
On the other hand, let ρ1(r) = ∑∞n=1(δp1 + δp2 + · · · + δpn )1/pχ[Sn,Sn−1)(r). Then
limr→∞ ρ1(r) = ∞ and for any x, y ∈ X there exists k such that Sk  d(x, y) < Sk+1.
We have
∥∥F(x) − F(y)∥∥ ( k∑
n=1
∥∥fn(x) − fn(y)∥∥p)1/p  ( k∑
n=1
δ
p
n
)1/p
= ρ1
(
d(x, y)
)
.
This completes the proof. 
Remark. If En = E and δn = δ for every n then Theorem 1.1 follows directly from Theo-
rem 2.1 (choosing p arbitrarily with 1 < p < ∞).
Next, by modifying the convergence condition (a) in Theorem 1.1, we have the follow-
ing theorem.
Theorem 2.2. Let X be a metric space. If there exist δ > 0 and a sequence of maps
fn :X → S(En), from X to the unit sphere S(En) of a uniformly convex Banach space En,
such that
(1) for each R > 0, as n → ∞,
inf
K⊆X bounded sup
{∥∥fn(x) − fn(y)∥∥: d(x, y) < R, x, y /∈ K}→ 0;
(2) limS→∞ inf{‖fn(x) − fn(y)‖: d(x, y) S,x, y ∈ X} δ;
(3) {En} have a common modulus of uniform convexity,
then X admits a coarse embedding into a uniformly convex Banach space.
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at infinity, see [15]. It may be referred to as the convergence condition at infinity.
Proof. Let fn :X → S(En) be as above. We are going to construct a new sequence of
maps hm, from X to the unit sphere of the 2-direct sum C ⊕2 En(m) of the complex
numbers C and some En(m), that satisfy the conditions in Theorem 2.1 with p = 2 and
δm = δ for some δ > 0 and all m.
Fix m ∈ N and choose n(m) ∈ N so large that for some bounded subspace K , say,
K = B(x0, r), the ball with center x0 and radius r > 0, we have
sup
{∥∥fn(m)(x) − fn(m)(y)∥∥: d(x, y) < m1/2, x, y /∈ K}< 12m.
Define θ :X → [0,1] by
θ(x) =
⎧⎨⎩
0, if d(x, x0) r,
d(x,x0)−r
4πm5/2 , if r  d(x, x0) r + 4πm5/2,
1, if r + 4πm5/2  d(x, x0).
Let C ⊕2 En(m) be the 2-direct sum. Define
hm :X → S(C ⊕2 En(m))
by
hm(x) = cos
(
π
2
θ(x)
)
⊕ sin
(
π
2
θ(x)
)
fn(m)(x).
Note that ‖hm(x)‖2 = cos2(π2 θ(x)) + sin2(π2 θ(x))‖fn(m)(x)‖2 = 1, i.e., hm indeed maps
X into the unit sphere of C ⊕2 En(m).
Claim 1. ‖hm(x) − hm(y)‖m−1 whenever d(x, y)m1/2.
We can verify Claim 1 in five cases corresponding to the different possible positions
of x and y. For example, suppose d(x, x0)  r , d(y, x0) > r . In this case, we have r <
d(y, x0) < r + 4πm5/2 and∥∥hm(x) − hm(y)∥∥2
=
∥∥∥∥(1 − cos(π2 θ(y)
))
⊕
(
− sin
(
π
2
θ(y)
)
fn(m)(y)
)∥∥∥∥2
=
(
1 − cos
(
π
2
θ(y)
))2
+ sin2
(
π
2
θ(y)
)
= 2
(
1 − cos
(
π
2
θ(y)
))
 πθ(y) = π d(y, x0) − r
4πm5/2
 d(y, x0) − d(x, x0)
4m5/2
<
d(x, y)
4m5/2
<
1
4m2
.
Hence,∥∥hm(x) − hm(y)∥∥< 12m < 1m.
The other cases can be easily verified in a similar way, and Claim 1 follows.
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hm(y)‖ > δ′ whenever d(x, y) S′m.
Note that it follows from the condition (2) that for every m ∈ N there exists Sn(m) > 0
for fn(m) such that ‖fn(m)(x) − fn(m)(y)‖  δ whenever d(x, y)  Sn(m). Set f (t, θ) =
(t − (1 − sin(π2 θ)))2 + cos2(π2 θ). It is easy to see that, for any δ > 0,
α := inf
tδ, 0θ1
f (t, θ) > 0.
Let S′m = max{Sn(m),3(r + 4πm5/2)} and δ′ = min{1, δ,
√
α}. Suppose x, y ∈ X such
that d(x, y)  S′m. Now, similar to Claim 1, we can verify Claim 2 in three cases. For
example, suppose r < d(x, x0) r + 4πm5/2 but d(y, x0) r + 4πm5/2. In this case, we
have ∥∥hm(x) − hm(y)∥∥2
=
∥∥∥∥ cos(π2 θ(x)
)
⊕
{
sin
(
π
2
θ(x)
)
fn(m)(x) − fn(m)(y)
}∥∥∥∥2
 cos2
(
π
2
θ(x)
)
+
{∥∥fn(m)(x) − fn(m)(y)∥∥−(1 − sin(π2 θ(x)
))}2
 α  (δ′)2.
Again, the other cases can be easily verified in a similar way and Claim 2 follows.
Since clearly the Banach spaces {C ⊕2 En(m)}∞m=1 have a common modulus of con-
vexity, it follows from Theorem 2.1 that X admits a coarse embedding into the uniformly
convex Banach space (
⊕∞
m=1(C ⊕2 En(m)))2 ∼= 2 ⊕ (
⊕∞
m=1 En(m))2. The proof is com-
plete. 
3. Ultraproducts of coarse embeddings
In this section we shall formulate the ultraproduct of a family of coarse embeddings of
metric spaces into Banach spaces, and then prove Theorem 1.2.
Let {Xi}i∈I be a family of metric space with assigned base point pi ∈ Xi , and let
∞(Xi) :=
{
(xi) ∈
∏
i∈I
Xi : sup
i∈I
dXi (xi,pi) < ∞
}
.
If ω is an ultrafilter on I , then one can define an equivalence relation ∼ on ∞(Xi) by
setting
(xi) ∼ (yi) ⇔ lim
ω
dXi (xi, yi) = 0.
Set (Xi)ω = ∞(Xi)/ ∼. It is a metric space, called the ultralimit of {Xi}i∈I associated
to the ultrafilter ω (cf. [14]), with the distance dω(˜x, y˜) = limω dXi (xi, yi) for x˜ = (˜xi),
y˜ = (˜yi). If {Ei}i∈I are a family of Banach spaces, with 0 being the base point for every
space, then the ultralimit (Ei)ω is usually called the ultraproduct of {Ei}i∈I with respect
to ω (cf. [1]). It is a Banach space in a natural way with the norm ‖(˜ξi)‖ω = limω ‖ξi‖Ei ,
where (˜ξi ) denotes the equivalence class of (ξi).
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common modulus of convexity. Then for any ultrafilter ω on I the ultraproduct (Ei)ω is
uniformly convex.
Definition 3.2. (See [4]) A family of maps {Fi :Xi → Ei}i∈I from metric spaces to Banach
spaces is called a family of equi-coarse embeddings if there exist non-decreasing functions
ρ1, ρ2 : [0,∞) → [0,∞) with limr→∞ ρ1,2(r) = ∞ such that
ρ1
(
dXi (x, y)
)

∥∥Fi(x) − Fi(y)∥∥Ei  ρ2(dXi (x, y))
for all i ∈ I and x, y ∈ Xi .
Now, let {Fi :Xi → Ei}i∈I be a family of equi-coarse embeddings as above and let ω
be an ultrafilter on I . Take pi ∈ Xi as basepoint and, without loss of generality, assume
Fi(pi) = 0 for all i ∈ I . Then one can define the ultraproduct
Fω : (Xi)ω → (Ei)ω
of {Fi :Xi → Ei}i∈I as follows: for any x˜ ∈ (Xi)ω , choose (by the Axiom of Choice)
and fix a representative (x0i ) of x˜. Since supi∈I dXi (x0i , p0) < ∞ and the Fi are equi-
coarse, we know that supi∈I ‖Fi(x0i )‖ < ∞, that is, (Fi(x0i )) ∈ ∞(Ei). So one can define
Fω : (Xi)ω → (Ei)ω by
Fω(˜x) =
(
˜Fi
(
x0i
))
and all x˜ ∈ (Xi)ω. By equi-coarseness of Fi , the map Fω is well defined (cf. [14]).
Lemma 3.3. Fω : (Xi)ω → (Ei)ω is a coarse embedding.
Proof. With no loss of generality, we assume that the functions ρ1 and ρ2 in the definition
of equi-coarse embeddings are continuous. For any x˜, y˜ ∈ (Xi)ω, let (x0i ) and (y0i ) be the
representatives of x˜ and y˜, respectively. Then
ρ1
(
dXi
(
x0i , y
0
i
))

∥∥Fi(x0i )− Fi(y0i )∥∥Ei  ρ2(dXi (x0i , y0i ))
for all i ∈ I . And we have
ρ1
(
dω(˜x, y˜)
)= ρ1(lim
ω
dXi
(
x0i , y
0
i
))= lim
ω
ρ1
(
dXi
(
x0i , y
0
i
))
 lim
ω
∥∥Fi(x0i )− Fi(y0i )∥∥Ei = ∥∥Fω(˜x) − Fω(y˜)∥∥ω
 lim
ω
ρ2
(
dXi
(
x0i , y
0
i
))= ρ2(dω(˜x, y˜)).
That is, Fω is a coarse embedding. 
We summarize the above discussion in the following theorem.
Theorem 3.4. Let {Xi}i∈I be a family of metric spaces, and {Ei}i∈I a family of uniformly
convex Banach spaces with a common modulus of convexity. If {Fi :Xi → Ei}i∈I is a
family of equi-coarse embeddings, then for any ultrafilter ω on I , the ultraproduct map
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vex Banach space (Ei)ω .
In the sequel, let (X,d) be an infinite metric space. Choose a point p ∈ X as base point
and let
I := {F ⊆ X: F is finite and p ∈ F }.
For any F ∈ I denote
[F,∞) := {A ∈ I : F ⊆ A}.
Then the collection B := {[F,∞): F ∈ I } has the finite intersection property, and hence
defines the filter F(B) on I :
F(B) = {S ⊆ I : ∃F ∈ I, [F,∞) ⊆ S}.
Take an ultrafilter ω containing F(B). For any F ∈ I , denote by XF the subspace (F, d)
of the metric space (X,d), with the base point p ∈ XF .
Proof of Theorem 1.2. This follows from the fact that X isometrically embeds into
the ultralimit (XF )ω , which coarsely embeds into the uniformly convex Banach space
(EF )ω. 
Since the ultraproduct of a family of Hilbert spaces is still a Hilbert space, the following
result, originally proved in [6,12], is an immediate consequence of Theorem 3.4.
Corollary 3.5. A metric space X admits a coarse embedding into a Hilbert space
if and only if there exist non-decreasing functions ρ1, ρ2 : [0,∞) → [0,∞) satisfying
limr→∞ ρ1(r) = ∞ such that, for every finite subspace F ⊆ X, there exists a map
f :F → 2 satisfying
ρ1
(
d(x, y)
)

∥∥f (x) − f (y)∥∥ ρ2(d(x, y))
for all x and y in F .
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